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Abstract. With the increasing demands of energy efficiency and environment protection, composite 
materials have become an important alternative for traditional materials. Composite materials offer 
many advantages over traditional materials including: low density, high strength, high stiffness to 
weight ratio, excellent durability, and design flexibility. Despite all these advantages, composite 
materials have not been as widely used as expected because of the complexity and cost of the 
manufacturing process. One of the main causes is associated with poor dimensional control. General 
curved composite parts are often used as the structural components in the composite industry. Due 
to the anisotropic material nature, process-induced dimensional variations make it difficult for tight-
tolerance control and limit the use of composites. 
This research aims to develop a practical approach for the design of general curved composite 
parts and assembly. First, the closed-form solution for the process-induced dimensional variations, 
which is commonly called spring-in, was derived. For a general curved composite part, a Structural 
Tree Method (STM) was developed to divide the curve into a number of pieces and calculate the 
dimensional variations sequentially. This method can be also applied to an assembly of composite 
parts. The approach was validated through a case study. The method presented in this paper 
provides a convenient and practical tool for the dimensional and tolerance analysis in the early 
design stage of general curved composite parts and assembly, which is extremely useful for the 
realization of affordable tight tolerance composites. It also provides the foundation of Integrated 
Product/Process Development (IPPD) and Design for Manufacturing/Assembly (DFM/DFA) for 
composites. 
Introduction 
The last four decades have seen a tremendous advancement in the science and technology of fiber 
reinforced composites. The low density, high strength, high stiffness to weight ratio, excellent 
durability, and design flexibility of composites are the primary reasons for their use in many 
structural components in aircraft, automotive, marine, and other industries [1]. With the increasing 
demands of energy efficiency and environment protection, composite materials will continue to find 
wide applications. General curved parts are one of the most commonly used structural components 
in the composite industry. 
Despite all these advantages, composite materials have not been as widely used as expected 
because of the complexity and cost of manufacturing process. One of the main causes is associated 
with poor dimensional control. For example, NASA is investigating the feasibility of SCRIMP to 
produce aircraft quality heavily-loaded primary structures. Additional technology development is 
required to achieve dimensional control and acceptable fiber volume fraction for thick structural 
elements [2]. 
Unlike processing of metal materials, in composite processing, material and part form at the 
same time. Typical manufacturing processes are injecting resin into the preform of fiber in the mold 
and curing at some temperature (often higher than room temperature), such as RTM and VARTM 
Advanced Materials Research Vols. 41-42 (2008) pp 377-383
online at http://www.scientific.net
© (2008) Trans Tech Publications, Switzerland
All rights reserved. No part of contents of this paper may be reproduced or transmitted in any form or by any means without the written permission of the
publisher: Trans Tech Publications Ltd, Switzerland, www.ttp.net. (ID: 134.7.248.129-01/04/08,02:33:05)
 
processes. When the composite part is being cured, resin shrinks due to the chemical reaction 
(crosslinking). After curing, the part is cooled down to the room temperature. Due to the anisotropic 
material nature, dimensional variations are induced by the fiber-resin CTE mismatch and the curing 
shrinkage of resin. 
For symmetric laminates, spring-in is a common problem in composite processing, as shown in 
Fig. 1. Hahn and Pagano [3] performed an elastic analysis of the residual stresses in a thermoset 
matrix composite. Radford and Diefendorf [4] developed a simple mathematical formula to predict 
the spring-in of curved shaped parts. Their formula was used by Huang and Yang [5] in their 
experimental studies. Kollar [6] presented an approximate analysis of spring-in. Jain and Mai [7, 8] 
developed a mechanics-based model using modified shell theory. Yoon and Kim [9] developed a 
computational method by applying the characterized properties to the classical lamination theory. 
Simple geometric structures such as “L-shape” were studied. In order to predict the spring-in of 
more complex structures, numerical simulation tools of finite element method or finite difference 
method are often employed. Wang et al. [10] conducted a finite element analysis of spring-in using 
ABAQUS. Ding et al. [11] developed a 3-D finite element analysis procedure to predict spring-in 
resulting from anisotropy for both thin and thick angled composite shell structures. It was concluded 
that the FE model gives more accurate results than the analytical model by Jain et al. [7], especially 
for thicker composite shells. It shows from the literature that although some studies have been 
carried out on the residual stress development in the composite processing, the dimensional 
variations have not been thoroughly studied. Most composite structures are simple geometry 
components such as “L-shape”. The dimensional variations of complex geometries are not 
addressed. In addition, systematic studies on the tolerance analysis and synthesis for assemblies of 
composites are lacking. Thus, it is highly desirable to develop an approach to predict dimensional 
variations during the early design stage of composite components and assembly. 
 
 
Fig. 1: Spring-in of an L-shape structure 
 
This research aims to develop a practical approach for the design of general curved composite 
parts and assembly. The spring-in was calculated based on a simple mathematical formula and 
equivalent material properties. For a general curved composite part, a Structural Tree Method 
(STM) was developed to divide the curve into a number of pieces and calculate the dimensional 
variations sequentially. This method can be also applied to an assembly of composite parts. The 
approach was validated through a case study. 
Spring-in Model 
As shown in Fig. 2, the mechanism of spring-in is illustrated by using an L-shape structure. The 
included angle is denoted as φ and the radius of the curved section is denoted as r. The original arc 
length is given by 
( )φ−= 180rs .           (1) 
When the part is cooled down from the curing temperature to the room temperature, the temperature 
change is denoted as ∆T (negative). The radius and arc length become 
( )Trr T∆+= α1' .           (2) 
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( )( )Trs I∆+−= αφ 1180' .          (3) 
 
Fig. 2: Spring-in of an L-shape structure 
 




















180' .        (4) 
The spring-in is given by 












180' .        (5) 
Eq. 5 shows that because of the mismatch of the in-plane CTE αI and the through-thickness CTE 
αT, the included angle decreases after the composite part is cured, which is commonly called spring-
in. The CTE mismatch is dependent on the material properties of fiber, resin, the curing shrinkage 
of resin, and the stacking sequence. 
After the in-plane and through-thickness CTEs are known, the spring-in angle can be calculated 
using Eq. 5. Since 11 ≈∆+ TTα , Eq. 5 can be simplified as 
( )( ) TIT ∆−−=∆ ααφφ 180 .         (6) 
Eq. 6 was validated against the data from literature to prove its accuracy. First, it was validated 
against the data from [6]. For an L-shaped [0]4 glass/epoxy laminate, i.e. φ = 90°, when the 
temperature drop is 130°C, the spring-in calculated from Eq. 6 is -0.16°, which is in a good 
agreement with the theoretical result presented from [6]. Second, it was validated against the 
theoretical and experimental results from [7] and [8]. The spring-in angles of the carbon/epoxy 
laminates calculated by Eq. 6 are -1.71° for 0 laminates and -1.31° for 90° laminates, respectively, 
which are in a good agreement with -1.72° and -1.30° from [7] and [8]. Thus, for the purpose of 
general composites design, Eq. 6 provides sufficient computational accuracy. 
Dimensional Variations of General Curved Parts 
For general curved parts, the dimensional variations due to spring-in could not be calculated from 
Eq. 6 straitforwardly. In order to calculate dimensional variations, a piecewise method is needed. 
This approach is illustrated through a general curved part as shown in Fig. 3. 
For convenience, the concept of bending angle is introduced. For each arc piece, the bending 
angle is defined as φβ −=180 . Thus, Eq. 6 is written as 
( ) TIT ∆−=∆ ααβφ .          (7) 
The bending angle can be positive or negative. As shown in Fig. 4(a), the spring-in causes a 
counter-clockwise rotation, and the bending angle is defined as positive. Likewise, as shown in Fig. 
4(b), the spring-in causes a clockwise rotation, and the bending angle is defined as negative. This is 
in accordance to the Cartesian tradition. If the starting and end points of a general curve is denoted 
as Pi-1 and Pi, respectively, the bending angle is given by 
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ii ττβ arctanarctan 1 −= − .          (8) 
 
 
Fig. 3: Dimensional variations of a general curved part 
 
 
Fig. 4: Definition of bending angle 
 
This general curve is decomposed of two arc sections OA and BC connected by a straight section 
AB. The global coordinate system is oxy. The coordinates of A, B, and C are A = [xA, yA, 1]
T
, B = 
[xB, yB, 1]
T
, and C = [xC, yC, 1]
T
. The included angle and radius for OA are denoted as φOA and radius 
rOA. Those for BC are denoted as φBC and radius rBC. Because of the process-induced shrinkage and 
spring-in, points A, B, and C change to A', B', and C'. 
A tree graph is constructed as shown in Fig. 5. The spring-in angles of each piece are marked on 
the tree graph. For piece i, its spring-in angle ∆φi will cause all the consequent pieces i + 1, i + 2, ..., 
n rotate by ∆φi. The dimensional variations of each node are found in a sequential way. 
 
 
Fig. 5: Tree graph of the example part 
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Considering the arc section OA, a local coordinate system oξ1η1 is constructed by rotating oxy by 














arctanχ . The length of segment OA is 
( ) ( )22 OAOA yyxxOA −+−= . 
Thus, the radius of arc OA is 



















rOA decreases due to spring-in, i.e. 





















Thus, in oξ1η1, the coordinate of A' is 
( ) ( ) ( )























































































.         (9) 
Considering the straight section AB in ox1y1 with A as the origin, there is no spring-in induced 

























.        (10) 












The coordinate of C' in oxy is 
( ) ( )
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.  (11) 
In the vector form, Eqs. 9 through 11 can be rewritten as 










.       (12) 
The dimensional variations of this general curved part were calculated assuming AS4 fiber and 
epoxy resin. The material properties of AS4 fiber are as shown in Table 1. When the stacking 


































Table 1: Material properties of AS4 fiber 




αfL (ppm/°C) αfT (ppm/°C) 
-0.4 18 
 
The bending angles are βOA = 45°, βAB = 0, and βAB = -45°. The spring-in angles are calculated as 
∆φ1 = -0.30°, ∆φ2 = 0, and ∆φ3 = 0.30°. The dimensional variations of A through C calculated using 






































































It shows that a good agreement exists between the STM and FEA. 
Conclusions 
A study on the dimensional variations of general curved composite parts is presented in this paper. 
The spring-in was calculated based on a simple mathematical formula and equivalent material 
properties. For a general curved composite part, a Structural Tree Method (STM) was developed to 
divide the curve into a number of pieces and calculate the dimensional variations sequentially. This 
method can be also applied to an assembly of composite parts. Using the developed STM, the 
dimension variations of composite components and assemblies can be predicted efficiently. This 
approach was validated against FEA. The results show that a good agreement exists between the 
STM and FEA. The method presented in this paper provides the foundation of the tolerance 
analysis/synthesis for composite components and assemblies. 
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